Center for Mathematical Physics BU-CMP/06-04 



FEYNMAN DIAGRAMS AND LAX PAIR EQUATIONS 

GABRIEL BADITOIU AND STEVEN ROSENBERG 

Abstract. We find a Lax pair equation corresponding to the Connes-Kreimer Birkhoff 
factorization of the character group of the Hopf algebra of Feynman diagrams. In par- 

' ticular, we obtain a flow for the character given by Feynman rules, and present a worked 

' example. 

(N : 

> : 
o . 

; 1. Introduction 

C — ' 

In the theory of integrable systems, a solution to a Lax pair equation associated to 
^ ' a coadjoint orbit of a semisimple Lie group is given by a Birkhoff factorization on the 
'sf I corresponding loop group. By the work of Connes-Kreimer [3], there is a Birkhoff factor- 
Q I ization of characters on the Hopf algebra of Feynman diagrams. In this paper, we reverse 
^ ! the usual procedure in integrable systems by producing a Lax pair equation ^ = [M, L] 
^ ! whose solution is given precisely by the Connes-Kreimer Birkhoff factorization (Theorem 
. 15. 6p . The main technical issue, that the Lie algebra of infinitesimal characters is not 
P^. semisimple, is overcome by passing to the double Lie algebra with the simplest possible 
r-| ■ Lie algebra structure. In particular, the Lax pair gives a flow for the character (f given 
■ by Feynman rules in dimensional regularization. It would be very interesting to know if 

S ' this flow has physical significance. 

. ^ ' In §§1-4, we introduce a method to produce a Lax pair on any Lie algebra from equations 

^ ' of motion on the double Lie algebra. In §5, we apply this method to the particular case 
I of the Lie algebra of infinitesimal characters of the Hopf algebra of Feynman diagrams, 
and produce a Lax pair equation whose Birkhoff factorization coincides with the Connes- 
Kreimer factorization. In §6, we work out an explicit example of the theory on a finitely 
generated subalgebra of the Hopf algebra of Feynman diagrams. 

It is natural to look for invariants of Lax pair equations by spectral curve techniques, 
and to linearize the flow on the Jacobian of the spectral curve. Unfortunately, in the 
worked example of §6, the spectral curve is highly reducible, and the only invariants we 
find are trivial. We hope to find examples with nontrivial invariants in the future. 

2. The double Lie algebra and its associated Lie Group 

There is a well known method to associate a Lax pair equation to a Casimir element 
on the dual q* of a semisimple Lie algebra g [8]. The semisimplicity is used to produce 
an Ad-invariant, symmetric, non-degenerate bilinear form on g, allowing an identification 
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of Q with g*. For a general Lie algebra g, there may be no Ad-invariant, symmetric, non- 
degenerate bilinear form on g. To produce a Lax pair, we need to extend to a larger Lie 
algebra with such a bilinear form. We do this by constructing a Lie bialgebra structure 
on g and extending to (g©^*, [■, -jgeg*), where [■, - jgeg* is the Lie bracket induced by the 
Lie bialgebra. 

We recall the definition of a Lie bialgebra structure (see e.g. [6]). 

Definition 2.1. A Lie bialgebra is a Lie algebra (0, [-, ■]) with a linear map 7 : — ® 
such that 

a) *7 : 0* © 0* ^ 0* defines a Lie bracket on 0*, 

b) 7 is a 1-cocycle of 0, i.e. 

adf (7(y)) - adf (7(x)) - ^{[x, y]) = 0, 

where ad^^^ : 0* ® 0* ^ 0* ® 0* is given by ad^^^ {y®z) = ad^(|/) ^z + y® ad^i^z) = 
[x,y] z + y [x, z]. 

A Lie bialgebra (0, [■, ■],7) induces an Lie algebra structure on the double Lie algebra 
© 0* by 

[^*,n0e0-=*7(X®F), 
[X,Y*]=ad*AY*), 

for X , Y E g and X*, Y* G 0*, where ad* is the coadjoint representation given by 
ad*AY*)iZ) = -y*(adx(^)) for Z e g. 

Since it is difficult to construct explicitly the Lie group associated to the Lie algebra 
© 0*, we will choose the trivial Lie bialgebra given by the cocyle 7 = and denote by 

= © 0* the associated Lie algebra. Let {Fj, z = 1, ...,/} be a basis of 0, with dual 
basis {Y*}. The Lie bracket [■,-]s on 6 is given by 

[F„ Y,]s = [F„ Y,], [Y*, Y*]s = 0, [F„ Y*]s = -J^ 4^*, 

k 

where the c^^ are the structure constants: [Yi, Yj] = J2k ^ij^k- 

The main point of this construction is that the natural pairing {■,■) : 6 ^ 6 ^ C given 
by (Yi, Y*) = 6ij is an Ad-invariant symmetric non-degenerate bilinear form on the Lie 
algebra 6. 

The Lie group naturally associated to 6 is given by the following proposition. 

Proposition 2.2. Let 9 : gxg* g* be the coadjoint representation 9{g , X) = Ad*{g)(X) . 
Then the Lie algebra of the semi-direct product G = g xig g* is the double Lie algebra 6. 
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Proof. The Lie group law on the semi-direct product G is given by 

{g,h)-{g',h') = {gg\h + e,{h')). 

Let Q be the Lie algebra of G. Then the bracket on g is given by 

[X,Y\ = deiX,Y*), [X,YY,= [X,Y], [X*,Y\ = 0, 

for left-invariant vector fields X, Y of g and X*,Y* G g*. We have d9{X,Y*) = 
dAdgiX, Y*) = [X, Y*]s since dAdg = ad^. □ 

3. The loop algebra of a Lie algebra 
Following we consider the loop algebra 

N 

L6 = {L{X) = J2 ^^Lj \M,N eZ, Lj G 6}. 

j=M 

The natural Lie bracket on L6 is given by 

k i+j=k 

Set 

N 

L6+ = {L(A) = J2 ^^^j \N eZ+U {0}, Lj G 6} 

3=0 

-1 

= {L(A) = ^ X^Lj I M G Z+,Lj- G 5}. 

Let P+ : L(5 — and P_ : L6 ^ L6- be the natural projections and set R = P+ — P_. 

The natural pairing (-, ■) on 6 extends to an Ad- invariant, symmetric, non-degenerate 
pairing on L6 by setting 

N N' \ 

\i=M j=M' I i+j=-l 

For our choice of basis {1^ } of g, we get an isomorphism 
(3.1) I -.16* ^ L6 

with 

We will need the following lemmas. 
Lemma 3.1. [1] We have the following natural identifications: 

L6+ = L6*_^ and = L5* 
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Lemma 3.2. [SI Lem. 4.1] Let ip be an Ad-invariant polynomial on 6. Then 

^m,n[LW] = ResA=o(A-XA"^L(A)) 
is an Ad-invariant polynomial on L6 for m,n & Z. 

As a double Lie algebra, 6 has an Ad-invariant polynomial, the quadratic polynomial 

^iY) = {Y,Y) 

associated to the natural pairing. Let F^+i = ^* for i G {1, . . . , / }, so elements of LS can 

21 N . 

be written L{X) = X] X] -^l^A*. Then the Ad-invariant polynomials 

j=l i=-M 

(3.2) ^mAL{>^)) = ResA=o(A-XA™L(A)), 
defined as in Lemma 13.21 are given by 

(3.3) ^„,„(L(A)) = 2 5^ 

j=l i+k—n+2m=—l 

Note that powers of ip are also Ad-invariant polynomials on 6, so 

(3.4) <„(^(A)) = ResA=o(A-V(A™L(A)) 

are Ad-invariant polynomials on L6. 

It would be interesting to classify all Ad-invariant polynomials on L6 in general. 

4. The Lax pair equation 

From [El Theorem 2.1], the equation of motion induced by a Casimir function ip on the 
dual of a Lie algebra f) is given by 

(4.1) ^ = -ad;M.L, 

where L G ()*, M = ^R{dip{L)) G i), R = P+ — P-, where P+, P_ are endomorphisms of f) 
such that 

[X, r]^ = [p+x, p+r] - [p_x, p_r] 

is a Lie bracket on 1). 

Now we take f) = {L6)* = L{5*). Let P± be the projections of L5* onto After 
identifying L5* = L6 and ad* = ad via the map I in fl3.ll) . the equation of motion fl4.1l) 
can be written in Lax pair form 

(4.2) f=[i.M], 

where M = ^R{I (dip{L{X)))) G LS, and is a Casimir function on LS* = LS. 

Finding a solution for fl4.2p reduces to the Riemann-Hilbert (or Birkhoff) factorization 
problem. The following theorem is a corollary of [SI Theorem 2.2]. 
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Theorem 4.1. Let ip be a Casimir function on L6 and set X = I {dip{L{\))) G L5, 
for L{X) = L(0)(A) G L6. Let g±{t) be the smooth curves in L(Lie(5)) which solve the 
factorization problem 

exp{-tX)=g4t)-'g+it), 

with g±{0) = e, and with g+{t) = (7+(t)(A) holomorphic m A G C and g-{t) a polynomial 
ml/A with no constant term. Let M = ^R{I {dip{L{X)))) G L6. Then the integral curve 
L{t) of the Lax pair equation 

is given by 

L{t)=Adl^g^it)-L{0). 



This Lax pair equation projects to a Lax pair equation on the loop algebra of the 
original Lie algebra g. Let tti be either the projection of G onto G or its differential from 
6 onto Q. This extends to a projection of L6 onto Lg. The projection of (14. 2p onto Lg is 

(4.3) = [7ri(L),7ri(M)J, 

since tti = dni commutes with the bracket. Thus the equations of motion (14. 2 p induce a 
Lax pair equation on Lg, although this is not the equation of motion for a Casimir on g*. 



Theorem 4.2. The Lax pair equation of Theorem \4 ■ 1\ projects to a Lax pair equation on 
Lg. 



When il)m,n is the Casimir function on L5 given by (13.20 . X can be written nicely in 
terms of L{5). 

Proposition 4.3. Let X = I (d^rnAH^))) ■ Then 
(4.4) X = 2A-"+^"L(A). 

Proof Write L(A) = EL^ VF^. By formula we have 

id 

/A r\ dlprn,n _ \ '2L^_^_2m-p^ if t < I 

~\ 2Li-\.,^.,, if t > /. 

Therefore 

X = /(#™,n(L(A))) = 5^^A-i-F; 

p,t p 

I 21 

r)\—n+2m\ ^ /\ T t+l \n—l—2m—p , \ ^ rt—l \r \n—l—2m—p\ 

- /A/ ,-^n-l-2m-p^W^ + 2^ ^^n-l-2m-p'^t~l^ ) 

p t=l t=l+l 

= 2A-"+2'^L(A). 
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□ 



5. The main theorem for Hope algebras 

Let H = {H, 1, /i, A, e, S) be a Hopf algebra over C and let H* = {H*, 1^, fi^ = A*, A^, = 
yU*, = 1*, S* = S**) be the algebraic dual of H. 

Definition 5.1. The character group Char(iJ) of a Hopf algebra H is the group of 
"group- like elements" of H* (see [5]): 

G = {0 G i/* I ^ 0, A,0 = ® 0}. 

The group law is given by the convolution product and the unit element is 1*: 

{U,h)=e{h), for heH. 

Definition 5.2. An infinitesimal character of a Hopf algebra if is a C- linear map 
Z : H ^ C satisfying 

{Z, hk) = {Z, h)e{k) + e{h){Z, k). 

The set of infinitesimal characters is denoted by dC\idx{H) and is endowed with a Lie 
algebra bracket: 

[Z, Z'] = Zi.Z' - Z' Z, for Z, Z' e dChar{H), 
where {Zi<Z',h) = {Z (g) Z', A{h)). 

Let {H,l = 0, /i, A, e, S") be the universal Hopf algebra of all Feynman graphs. For 
computations later, we also consider a Hopf subalgebra Hq generated by a finite number 
of Feynman graphs Ai, A2, . . . , Ai_i, Ai = 0, and let Hi be the Hopf subalgebra generated 
by Ai, . . . , v4;_i. Let G be the Lie group of characters of H, and let Go be the Lie group 
of characters of Hq. The Lie algebra of infinitesimal characters g, go of H, Hq are precisely 
the Lie algebras of G, Gq, respectively. 

Let Zq be the infinitesimal character of H given by ZQ{h) = e{h). For any generator of 
H, viz. T G {Ai, . . . Ai^i, Ai = 0}, let Zt be the infinitesimal character given by Zt{T') = 
6t,t'- Notice that Zq = Z(i,. The Lie algebra Qq is generated by Zq, Za^, ■ ■ ■ , Zai_^- Let 0i 
be the Lie subalgebra of 0o generated by Za^, Za2, ■ ■ ■ ^Ai^^- Let Gi be the Lie subgroup 
of Go corresponding to gi. Set Yi = Za^ for i G {1, . . . , Z — 1} and set Y[ = Zq. We also 
let Qi denote the Lie subalgebra of g with basis Zt, T 7^ 0, and let Gi also denote the 
corresponding subgroup of G. 

Remark 5.3. We have g = gi © (-^0). At the Lie group level, Go is the semi-direct product 
Gi XI C given by 

ig,t)-ig',t') = ig-etig'),t + t'), 
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where 9t{g){T) = e^*^^^g{T) for T E Hi, and #(r) is the number of independent loops of 

r. 

Recall that for any Lie group K, an element L{X) G LK has a Birkhoff decomposition if 
L{\) = L(A):^L(A)+ with L{\)Z^ holomorphic in A"^ G P - {0} and L(A)+ holomorphic 
in A G P — {oo}. In the next lemma, G refers either to Go xie 0o Prop. 12.21 or to 

G Xe0*. 

Lemma 5.4. Let {g,(y) be an element in LG. If {g,a) = {g-,a^)~^{g-^-,a^) then g = 
gZ^g+ and a = Ad*((7Z^)(— a_ + 

Proof. We recall that {gi,ai){g2,a2) = {gig2,(yi+Ad*{gi){a2))- Notice that = 

{gZ\-Ad*{gZ'){a^)), so {g^,a^)-\g+,a+) = {gz'g+, -Ad*{gZ'){a^) + Ad*{gZ'){a+). 

□ 

We prove the existence of a Birkhoff decomposition for any element {g, a) G LG. 

Theorem 5.5. Every {g, a) G LG has a Birkhoff decomposition {g, a) = a_)^^{g^, a+] 
with {g^,a^) a polynomial in A and {g^,a^) a polynomial in without constant term. 

Proof. Let g = gZ^g+ be the Birkhoff decomposition of g in LGq given in [4j. Let 
= P_|_(Ad*((7_)(a)) and a_ = —P^{Ad*{g_){a)). Then, by Lemma [531 (fi'? Q;) = 

{g-,a-y\g+,a+). □ 

In |3] , Connes and Kreimer give a Birkhoff decomposition for the character group of the 
Feynman graph Hopf algebra, and in particular for the normalized loop character (^(A, q) 
of dimensional regularization. Here 

V.(A) 



g2 



where (p{X, q) is the usual character given by dimensional regularization and Feynman 
rules. We consider the algebra of formal power series 

oo 

nS = {L(A) = J2 ^^^i I ^ 

j=-oo 

The natural Lie bracket on Vl5 is 

[j:a^l.,5:a^l;]=5:a^5:[l.,l;.]. 

k i+j=k 

Set 

oo 

n5+ = {L(A) = ^A^Lj- I Lj G 6} 

j=0 

-1 



Q6. = {L(A) = A^L, I L, G 6}. 



J = -CO 
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Recall that tti denotes either the projection of the double Lie group G to its first factor 
G, its differential, or its extention to the loop group and loop algebra. We denote the 
image of an element by adding a tilde, e.g. 7ri(L(A)) = L{X). 

Theorem 5.6. Let H be the Hopf algebra of Feynman graphs, and let <^(A) G Char(i7) = 
G. Set 

LoW = ^A"-2-exp-i((^(A)) and X = I{diJmALoW), 
where iprn,n is the Casimir function on Q6 given by 

i^^,n{L{\)) = ResA=o(A™(A"L(A), A"L(A))). 
Then exp(X) = ip and the solution of 

(5.1) ^ = [M,L], M= li?(/(#^,„(L(A))) 
with the initial condition L{0) = Lq is given by 

(5.2) L{t) = Adl^g^t) ■ Lo, 

with exp{—tX) = g-{t)^^gj^(t) . Applying tti, we get a Lax pair equation 

on LG, with solution L(t) = Ad2G^±(t) ■ Lq. In particular, 

<^ = exp(X) = ^4-l)-i^+(-l) 

is the Connes-Kreimer factorization of if. The same results hold for any finitely generated 
Hopf subalgebra Hq of H . 

Proof. By [3, p. 32], the exponential map exp : q ^ G is bijective, so Lq{\) exists. The 
theorem then follows from Theorem 14.11 and (14. 3 p applied to the natural pairing on 5 as 
in (13.21) and the uniqueness of the Birkhoff factorization. □ 

Remark 5.7. We have to be careful passing from finite dimensional Lie algebras to the 
infinite dimensional Lie algebra g of infinitesimal characters on if, since the finite dimen- 
sional identification of a Lie algebra [) with f)* via a choice of basis of 1) may not be valid. 
However, we just need the part of g* spanned by the dual basis to a fixed basis of g, so 
the finite dimensional theory extends. 

6. A WORKED EXAMPLE 

In this section we discuss a specific example of the main theorem. 
Let 

A = o ' = O ' = O ' ^^^^ = O ' ^ = 
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Let Hq be the Hopf subalgebra generated by 0, A, AA, AAA , AAAA, B, and let Hi 
be the Hopf subalgebra generated by A, AA, AAA , AAAA, B. Let Gq, Gi be the Lie 
groups of characters of Hq,Hi, respectively. The Lie algebra of infinitesimal characters Qq 
of Hq is the Lie algebra of Gq, and similarly for Qi. In particular, the Lie algebra gi of Gi 
is generated by Za_, Zaa, Zaaa, Zaaaa, Zb- We identify Gi with using the normal 
coordinates defined in [2] . The group law induced on is given by the following lemma. 

Lemma 6.1. Let © : x ^ be the group law on given by 

{xi, X2, xs, X4, X5)®{yi, y2, ys, 1/4, 2/5) = (xi+yi, 0:2+2/2, x^+y^, X4+y4+xiy2-X2yi, x^^+y^). 

Define F : Gi ^ (C^ ©) by 

F{v) = {^{A), ^{AA) - ^v{Af, ^{AAA) - v{AMAA) + ^^{Af, 

v{B)-^{AMAA)+^^{A)^^{AAAA)-if{AMAAA)-^v{AAy 
Then F is a group isomorphism. 

Proof. Let (Fi, F2, F3, F4, F5) = F. We have 

A{A) = A^1 + 1^A, 

A{AA) = AA(g)l + l(g)AA + A(g)A, 
A{AAA) = AAA © 1 + 1 © AAA + AA^A + A(g) AA, 
A{AAAA) = AAAA © 1 + 1 © AAAA + AAA (g)A + A(g) AAA + AA(g) AA, 
A{B) = B(^1 + 1(^B + 2A^AA. 

Therefore 

(01^02)(A) = (0i®02,A(A)) =0i(A)+02(A), 
(01*02)(AA)-i(0i*02)(^)' = (01©02,A(AA))-i(0i*02)(^)' 

= MAA) + MAA) + MA)MA) - ^(01 (A) + 

= (MAA) - ^liAf) + (MAA) - ^MAf), 

which implies Fk{4>i * ^2) = + Fk{(p2) for k G {1,2}. By direct computations we 

also get 

Fk{<pi * 02) = Fk{(Pi) + Fk{<f)2) for k G {3, 5}, 

^4(01 * 02) = F4(0l) + ^4(02) + ^1 (01)^2(02) - ^2 (0l)Fl (02) • 

□ 
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Using this identification of Gi with (C^, ©), we can identify Gq with (C^, ®), where 

{Xi,X2, X3, X4, X5, t) © (1/1,1/2, 1/3, 1/4, 1/5, = 

(xi + e*i/i, + e^*i/2, 2:3 + e^*i/3, 2^4 + e^*i/4 + e^*Xii/2 - e*a;2yi, + 6^*1/5, i + i')- 
The following lemma gives a basis of the left invariant vector fields on Go and the structure 
constants of go- 

Lemma 6.2. Let 

\dyi dyij \dy2 dy^ 



^5 — e - — , ZiQ 



dys dyi dy^ dt 



where {yi,y2,y3,y4:,y5,t) OLf^ the standard coordinates on C^. Then {Yi, Y2, Y^, 14, Y^, 
Zq} is a basis of the left invariant vector fields on Gq. We have [Y^, Yj] = for any {i,j) 7^ 
(1,2), (2,1), and [^,^2] = -[Y2,Y,] = 2Y,, [Zo,Y^] = Y^, [Zo, 1^2] = 21^2, [^o,^] = 3^, 
[Zo,Y4^3Y^ and [Zq, Fg] = 4^- 

Proof. This follows from the easily computed formulas 

L (—] = e* (— - X —] L (—] = e^' (— +x — 
""KdyiJ ^ \dyi ^^dy^J' ''\dy2J ^ \dy2 dy^ 



Lx 



dt'} ~ dt'' 



□ 



6.1. The exponential map and the adjoint and coadjoint representations. 
Lemma 6.3. The exponential exp : Qq ^ Gq is given by 

exp(aiYi + a2l^2 + 03^3 + 04^4 + a^Y^ + a^Z^) = 
(01,02,03,04,05,0), ifae^O 

f ai(e°6-l) a2(e2°6-l) aaCe^^e-l) a4(e3«6-l) a^^^ _ ^2a6t , gagtN «5(e^°6-l) ^ A if a ^ 

\ ag ' 2a6 ' 3a6 ' 3ae 2ag ^ 3 "r /, 4(jg i 6 1 i J 6 7" , 

anrf exp zs bijective. 

Proof. Let F G 0o and let 7(i) be the 1-parameter subgroup of Go generated by Y. Set 

Y = oiFi + O2I2 + 03^3 + 04^4 + 05^5 + 06-^0, 

lit) = {gi{t),g2{t),gs{t),g,{t),g,{t),g^{t)). 

To find 7(t) = exp(ty), we solve the differential equation 

Lf{t)-ii{t) = Qi^^i + 02^2 + 03^3 + 045^4 + 05 Y5 + oe^o 
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with the initial condition 7(0) = 0. First notice that 
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a 

dh4 



Then ak = gke'^^"" for k G {1,2,3}, 05 = g^e''^^'^, oe = 96 and 04 = + fl'i5'2 -5'25'l)e"^^^ 
with the initial conditions gi{0) = g2{0) = (?3(0) = 5'4(0) = (75(0) = ge{0) = 0. Therefore 
96 = aet, gkit) = afc(e*^»6* _ l)/{kaQ) for k G {1,2,3}, g^it) = a^ie^^'^' - l)/{^a^) and 

a4(e3»6* - I] 



94 = 



3afi 



94{t) 



2aQ 



a4(e^"«* - 1) aia2 /e^"«* - 1 



+ 



2ai 



- e""^' + e' 



If ae 7^ then 



exp afeFfe + aeZf^ = ^ 



ai(e"« - 1) a2(e2'^6 _ 1) ^^(e^'^'^ - 1) 



2a6 



a4(e3'^«-l) , aia2,e=^««^_ 2„^, , a5(e4'^« - 1) 

e -\- e ), 



3ae 



+ 



2al 



(- 



4afi 



If ag = then 



exp I ^ ajty^ j = (oi, 02, 03, 04, 05, 0). 



,ifc=i 



□ 



The adjoint and coadjoint representations of Gq are given by the following lemmas. 
Lemma 6.4. i) The adjoint representation Ad^o : Go — GL(go) is given by 







/ 







g2fl6 






-9. ] 
-2^2 




AdGo(9i, ■ ■ ■ , 95, 96) = 






-2^26^-^ 


e^^s 
2gie'^96 




gSffe - 


-35^3 
-9i92 - 3fif4 
















e^36 


-4^5 








\ 











1 ) 




a) The coadjoint representation AdQ^ : 


Go ^ GL(0*) 


is given by 
















2g2e-^3^ 





o\ 









g-256 





-2gie-^36 








AdGo(c/i,---,5'5,56) = 










g-3ff6 






















g— 3^6 
























e-496 




^ e-''gi 


2e-296^2 


3e-36^3 -e 


-36^1^2 + 3e- 




95 1 / 
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Proof. To show i), we straightforwardly compute AdGo(fl') — where Cg{h) = ghg ^, 
noting that 

= (xi, X2, X3, X4, X5, t)~^ = (-e~*xi, -e"^*X2, -e"^*X3, -e~^*X4, -e'^'^xs, -t). 



u) then follows from i) and Ad*((7) = {Ad{g ^))*. 
Lemma 6.5. 1) For the basis {Yi, . . . ,Yq} of Lemma \6.^ ad : 0o ^ 0^(0o) is given by 



□ 



ad ^ CiYi 



2) ad* : So ^ sKflo) ^-^ ^^^en 6?/ 



ad* 



J2c,Y, 



/ 


C6 











-Cl 











2C6 








-2C2 














3C6 





-3C3 








-2C2 


2ci 





3c6 


— 3C4 

















4c6 


-4C5 






\ 





















f 


-C6 








2C2 








\ 







-2C6 





-2ci 
















— 3ce 






















-3C6 






















-4C6 





\ 


Cl 


2C2 


3C3 


3C4 


4C5 





/ 



Since c/Ad = ad, the proof follows by differentiating the formulas in Lemma I6.4[ 

6.2. The double Lie algebra and its associated Lie group. The conditions a) and 
b) in Definition 12.11 of a Lie bialgebra can be written in a basis as a system of quadratic 
equations. Solving this system explicitly, in our case via Mathematica, gives the following 
proposition. 

Proposition 6.6. There are 43 families of bialgebra structures 'j on g. 

In fact, the system of quadratic equations involves 90 variables. Mathematica gives 1 
solution with 82 linear relations (and so 8 degrees of freedom), 7 solutions with 83 linear 
relations, 16 solutions with 84 linear relations, 13 solutions with 85 linear relations, 5 
solutions with 86 linear relations, and 1 solution with 87 linear relations. 

As it is difficult to construct explicitly a Lie group corresponding to the Lie algebra 
© g* for an arbitrary choice of 7, we take the simplest choice 7 = and let G = Go x Bo 
be the corresponding Lie group of 5 = g © g*. 

Remark 6.7. The group law on G is given by 

((fl'i, 92, 93, 9i, 95, 96), (hi, h2, h^, h^, /15, he)) ■ {{g'i,g'2, 93, 94, 95, 9'q), (K, K, K, K)) = 
{gi + e^'g[, g2 + e^'^g'^, g3 + e^^«^7^, g^ + e^^'g'^ + g'^'gxg'^ - 9''92g[,g5 + e^^'^gi ge + g'e. 
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he - gih[ - ^92^ - Sgsh'^ - 3g,ih\ - Agr-,h'^ + 

6.3. The adjoint representations ad^ and Ad^. Let ad^ : 5 0^(5) be the adjoint 
representation of 5. Computing ad^ explicitly, for example via Mathematica, we get 



adj I^J^XjFi 

















-Xi 

















o\ 





2X6 











-2X2 


























3X6 








-3X3 




















-2X2 


2xi 





3X6 





— 3X4 
































4X6 


-4X5 



























































-2xio 











X7 


-X6 








2X2 








2xio 














2X8 





-2X6 





-2xi 























3X9 








-3X6 


























3xio 











-3X6 























4xii 














-4X6 





-x^ 


-2X8 


-3X9 


-3xio 


-4xii 





Xi 


2X2 


3X3 


3X4 


4X5 





where le+t = for i e {1, . . . , 6}. 



Corollary 6.8. Ker(ad5) = Span{Yi2}. 

The adjoint and coadjoint representations of G are given in the following proposition. 
Proposition 6.9. 

\ H{gi,g2,...,gi2) MQ^[gi, g2, . . . , g^) j 

kA*ln n n \-( ^^^oidU 92, ■ ■ ■ , Qg) (^1 , C/2 , • • • , C/I2) ^ 

\ AdGo(c/l,^2,...,56) / 



where H{gi, g2, . . . , gu) is a 6 x 6 matrix given by 

( -262^^6510 4gio<?2+57 \ 

26^6510 -251^10 + 258 

3^9 

3^10 

4C/11 



V 66^651052 - 6^657 -66^56 51510 - 2e^S6g^ -3e^96gg -36^56 510 -46^56^11 z J 
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and 

z = 3gigio92 + Q9io94 + lQ9n95 + 9i97 + ^9298 + '^92.9'a- 
The proof is straightforward. 

6.4. Some Adg.-invariant polynomials on 5 and L(5). We note that Tr(ad(a)'^), /c G 
Z+, are Ad- invariant poljTiomials on 5. By Lemma [3^ these induce Ad-invariant polyno- 
mials on L5, i.e. Casimir functions (constants of motions) on L5. Explicit computations 
give the following lemma. 

Lemma 6.10. Let ip : 6 ^ C be the map given by ip{a) = Tr(ad(a)'^'). For odd positive 
integers k, (p{a) = 0. For even positive integers k, ip{a) = C(a6)^ for some constant 

12 

C = Ck, where a = ^ ajFj. 

i=l 

This gives the following corollary, which can also be checked directly. 
Corollary 6.11. For any even positive integer k and any constant C 

is an Ad-Q-invariant polynomial on 6. 

Proof. Let ttq : 6 ^ C he the projection given by 



12 



(6.1) 7r6|J]a,y; 



Since 

12 

7i6{AdQC^aiYi)) = ae, 

we see that ip{a) = C{a(^Y is an Ad-invariant polynomial on 5. □ 

Example 1. In the notation of (13.21) . for integers M and N we get Casimir elements on 
L5 



(N 12 \ 
i=M j=l / 



^m,n I V VL^r.V I = ReSA=o(A""C(A"^L'6(Y))'') 



for all nonnegative integers m, n, where 

S = {{tM, • • • , «Ar) Mm > 0, . . . , > 0, iM + iu+i + . . . + In = k, 
MiM + (M + l)iM+i + . . . + NiN = -1 + n - km}. 
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Example 2. The natural pairing (-, ■) on 6 induces an Ad-invariant polynomial 



iJ{Y) = {Y,Y)=2J2(^^(^^+6 



i=l 



12 



-i+6 



^ * {ia,b\a,be{-M,...,N} ' ^ 



for F = ^ ajFj. Then '4)ra,n : L6 C given by (13. 2p becomes 

i=l 

j=l i+k—n+2m=—l 

Example 3. (13.41) gives other Ad-invariant polynomials on L6. An explicit computation 
gives 

/ /. \ 6 

a,be{-M,...,N} j=l 

where 

S = {{ia,b}a,be{~M,...,N} \ ^ ia,b = k and ^ + b) - n = -1}. 

a,fee{-M,...,Ar} a,feG{-M,...,Ar} 

6.5. The Lax pair equation in local coordinates. We can write the Lax pair equation 

(6.2) ^ = [^'^]' M=^-R{I{dK{L{X))) 

in local coordinates when the Casimir function k is ipm.,n or iprn.,n given above. 
Note that 

(6.3) M = ^Rilid^im)) = l ^(^^^W) y^A-^-^r(-l - p), 

where r(s) = 1 if s > and r(s) = —1 if s < 0. 
The case n = (pm,n- 

Lemma 6.12. In local coordinates the Lax pair equation li6.S\) becomes 

dt 

for < J < 12. Thus L{t) = L(0) for any t. 
Proof. 

N 12 

i=M j=l „ / k 



where S is some set of multi-indices. Then 

N 12 

M = Rin )F6A^) = r(-l - p)/(L(A))Fi2. 



16 GABRIEL BADITOIU AND STEVEN ROSENBERG 

Since ad(yi2) = 0, we have [L, M] = 0, and so ^^^[^ = 0. □ 
Thus the Lax pair equation is trivial in this case. 



The case k = iljm,n- By Proposition SSI M = R{X) = i?(A-"+^'"L(A)). 
Let q^j be the structure constants of 6 in the usual basis. 

Theorem 6.13. In local coordinates the Lax pair equation h6.2^) becomes 

= ri-n + 2m + v)f2Y, ^^^^ 
i=i t=i 

for j G {1, . . . , 12} and all i,p, where r{s) = 1 if s > and r{s) = — 1 if s < 0. 

Note that the Lax pair equation 7ri(L(t)) = [7ri(L), 7ri(M)] on Lqq given by (14.31) has 
the local coordinate form 

jTk 6 6 

3=1 t=l 

for j G {1, . . . , 6} and all i,p. 

6.6. The Birkhoff factorization of exp(— tX). We compute the factorization of exp(— tX) 
for the interesting case of X = I {diprn,n{L{\))) , for 7!-q{L{\)) = 0, where vrg is the extension 
to L6 of TTg in ([61]). Then X = X-'''+^"'L{X) = J2{L{X'-"+^'^)Yj, and 

12 

exp(-tX) = exp(5^(- 5^L^V-"+2..^)y,). 

j = l i 

Let Zj = -Yl L^A^-'^+^m for J G {1, . . . , 12}. 

i 

Our assumption is that Zq = 0, as the exponential of L{X) has a simpler form in this 
case; in fact this is the only case needed for our main theorem below. The exponential of 
LS on = is given by 

exp(tZi,tZ2, tZs, tZ4, tZ^, 0, tZ-/, tZs, tZg, tZiQ, tZu,tZi2) = 
(tZi,tZ2, tZ^, tZ^, tZ^, 0, t^Zio^2 + iZj, —t^ZiZiQ + tZ^^ tZg, tZiQ, tZn, 

■^3 ^2 o2 "^2 2 ^2 

tZl2 — -t Z1Z1QZ2 + -t Z1QZ4 + 2t Z\\Z^ + -t ZxZ-j + t Z2Z% + -t ^32:9 

By Lemma [5^ the Birkhoff decomposition {g,a) = {g^, a-)~^{g+,a)+, with g E Gq 
and a G 00 is given hj g = gZ^g+, and — a_ + a+ = Ad*{g-)a. 

Let and gj^, j G {!,..., 12}, be the components of g- and g+ respectively. There- 
fore, for J G {1, 2, 3, 4, 5, 9, 10, 11}, we have 

g,^ = - J2 LlX-^^^^t 

i>n—2m 
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and 

(6.4) g,_ = - J2 ^iA'-"+2"^t. 

i<n—2m 

Then 

(6.5) gi+ = P+{tZi), gi_ = -P_{tzi) 
for i G {1, 2, 3, 5}. We also get 

(6.6) = P+{tz, + t\P_{z,)P+{z2) - P.{z,)P+{z2))), 

(6.7) (?4- = P-{tZi + t'(P-(2l)P+(^2) - P-{ZI)P+{Z2))), 

(6.8) g^. = 0, g^+ = 0, 

(6.9) ^7- = -P-(2t^2-2;io + ^'^10^2 + ^t), 

(6.10) 5f8- = -P-{-2tgi-Zio - t^ziZiQ + tes), 

(6.11) 5(12- = -P_(-t5'i_5f2-^io + 3t5(4-2;io - 2t25(2-2iZio + 4t5f5-2;ii 

2 "^3 ^2 o 2 

+tzi2 + t fi'i-^10^2 ~ 2;i2;io2;2 + ^10^4 + 2t ^11^5 + tgi_z-j 

1 3 

+-t^2;i2;7 + 2tg2-Zs + t^^2^8 + Stfi-s-^g + 2^^^32;9), 

fl'fc+ = ^A: + 9k-, 

for G {7,8, 12}. Then g^ = {g^^, . . . , gu-) and g+ = {gi^, . . . , gu+) satisfy gZ^g+ = 
exp(-tX). 

We now assemble the final formulas needed to compute the solution to the Lax pair 
equation given by Theorem 14.11 Let tt : 5 — >• g and ^ : 5 — *• g* be the projections onto g 
respectively g*. Then 
(6.12) 

7r(Ad*(^i_, . . . , gu-)m)) = Ad*a^{g^., . . . , ge-)7r{L{\))) + H{g,^, . . . , gi2-)e{L{\)) 
and 

(6.13) ^(Ad*((7i_, . . . , gi2-)L{m = AdGo(^7i-, • • • , g^-)e{L{X))), 

where H is given by Proposition 16.91 (It is fortunate that Ad^ does not depend on (712- , 
which by (16.111) is difficult to compute explicitly.) 
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6.7. The Feynman rules characters and the main result. For any graph 7, the 
Feynman rules integral ip{X,q){'j) can be written in term of F-functions. Some explicit 
formulas are as follows. 

Lemma 6.14. 

cpiX)iA) = Tr'iqY-'B.iX) 

cpiX)iAA) = n%qY-''B,iX)B,iX) 

^{X){AAA) = 7r\q'y-''B,{X)B2{X)B,{X) 

if{X){AAAA) = 7T'\q'y'^'B,{X)B2{X)B,{X)B,{X) 

viXm = 7i\q'Y-'-^B,{XfB^{X) 

where Bj{X) = j^f^^^j^^^^-jm-jx) ' 3 e {1,2,3,4}. 

Theorem 6.15. Let Hq be the Hopf subalgebra generated by A, AA, AAA, AAAA, B, 0, 
and choose a character <^(A) G QG with Ti'ei^p) = 0. Set 

Lo(A) = iA"-2™exp-i(<^(A)), X = /(#„,„(Lo(A)), 
where ipm,n is the Casimir function on Q6 given by 

^mALim = ResA=o(A™(A"L(A), A"L(A))). 
Then exp(X) = ip and the solution of 

(6.14) ^ = [M,L], M= li?(/(#^,„(L(A))) 
with the initial condition L{0) = Lq is given by 

(6.15) L{t)= Ad* gi{t)-Lo, 

with exp(— tX) = g-(t)^^g^(t) where g^ and g+ are given by ^6.4\ ), ( 16'. 8\) . 116.9]) . /16.1(J\) . 
I{6.11\) . and where the Qq and Qq components of Ad are given by lid.l^) and l{6.13\) . 

In the particular case where (p is the normalized Feynman rule characters <^(A) = 
g-{fy and g+it) are given by l{6.5\) . lid. 6\) and ( [6. ?| ), and the solution L{t) of ^6.14^ is the 
flow of Feynman rules. 

This follows from Theorem 15. 6[ 

Remark 6.16. To any Lax equation with a spectral parameter, one can associate a spectral 
curve and study its algebro-geometric properties (see [S]). In our case, we consider the 
adjoint representation ad : 5 ^ 0^^) and the induced adjoint representation of the 
loop algebra. The spectral curve is given by the characteristic equation of ad(LA) Fq = 
{(A, z/) G C - {0} X C I det(ad(L(A) - uld) = 0}. 

The theory of the spectral curve and its Jacobian usually assumes that the spectral 
curve is irreducible. Unfortunately, for all 43 bialgebra structures on 6, on the associated 
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Lie algebra ad(5) all eigenvalues of the characteristic equation are zero, and the zero 
eigenspace is nine dimensional. The spectral curve itself is the union of degree one curves. 
Thus each irreducible component has a trivial Jacobian, and the spectral curve theory 
breaks down. 
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